Seshadri constants on abelian and bielliptic surfaces -- potential
  values and lower bounds by Bauer, Thomas & Farnik, Łucja
ar
X
iv
:2
00
8.
07
59
4v
1 
 [m
ath
.A
G]
  1
7 A
ug
 20
20
Seshadri constants on abelian and bielliptic surfaces –
potential values and lower bounds
Thomas Bauer and  Lucja Farnik
August 17, 2020
Abstract
In this note we contribute to the study of Seshadri constants on abelian
and bielliptic surfaces. We specifically focus on bounds that hold on all such
surfaces, depending only on the self-intersection of the ample line bundle under
consideration. Our result improves previous bounds and it provides rational
numbers as bounds, which are potential Seshadri constants.
1. Introduction
The purpose of this note is to contribute to ongoing efforts in bounding Seshadri
constants of ample line bundles on smooth surfaces, and to provide restrictions on
their possible submaximal values.
Recall that for an ample line bundle L on a smooth projective surface X, the
Seshadri constant ε(L, x) at a point x ∈ X is by definition the real number
ε(L, x) = inf
{
L · C
multxC
C ⊂ X irreducible curve through x
}
(see [5] for more about the background on Seshadri constants, and for their basic
properties.) Naturally, one of the important problems in this area of research consists
in bounding or even computing Seshadri constants. It was recognized early on that
bounding the multiplicities m = multxC of irreducible curves C ⊂ X in terms of
their self-intersection C2 can be an effective means in order to obtain lower bounds on
ε(L, x). The first result in this direction is due to Ein and Lazarsfeld [9], who showed
that C2 > m(m− 1) holds, if C moves in a family of curves (Ct) with multiplicities
multxCt > m. Under suitable assumptions, Xu [15] improved the bound to C
2 >
m(m−1)+1. Knutsen, Syzdek, and Szemberg [11] and, independently, Bastianelli [7]
provided a further improvement by showing that if C moves in a 2-dimensional family
of curves with multiplicity at leastm, then C2 > m(m−1)+gon(C˜), where gon(C˜) is
the gonality of the normalization of C. As these results work under the assumption
that the curves move in families, they do not lead to bounds on Seshadri constants
at arbitrary points, but at very general points (as in [9]) or outside of a finite number
of curves (as in [15]).
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2In the present note, we are interested in bounds of this type, which however apply
to arbitrary curves, and therefore lead to bounds on Seshadri constants at arbitrary
points. On abelian surfaces, it is well-known that one has C2 > m(m − 1) + 2 for
all non-elliptic curves, and we show that the same bound also holds on bielliptic
surfaces (Proposition 3.4). We use these bounds to obtain information about the
possible rational numbers that might occur as Seshadri constants, and to find the
smallest rational values in these sets. We show:
Theorem 1 Let X be an abelian surface or a bielliptic surface, let L be an ample
line bundle on X, and let x ∈ X be any point. Suppose that ε(L, x) <
√
L2 and
that ε(L, x) is not computed by an elliptic curve (if X is abelian) resp. that it is not
computed by a fiber (if X is bielliptic).
Then ε(L, x) is one of the rational numbers in the set{
d
m
d2 > L2(2 +m(m− 1)), m > 2
}
,
and for any L2 > 2 we have the lower bound
ε(L, x) > min

⌈√
4L2
⌉
2
,
⌈√
8L2
⌉
3
,
⌈√
14L2
⌉
4
,
⌈√
22L2
⌉
5
,
⌈√
32L2
⌉
6
,
⌈√
44L2
⌉
7
 .
Moreover, if L2 > 4982, then
ε(L, x) >
⌈√
14L2
⌉
4
.
Our interest in Theorem 1 lies in the fact that it improves previous results in
two respects. First, it is closer to the general upper bound
√
L2 than the previous
bounds, and it provides rational numbers d/m as estimates that represent potential
Seshadri constants, while the previous irrational bounds are theoretical by design.
(We provide a more detailed comparison in Section 4.) And secondly, on bielliptic
surfaces the bound not only applies to very general points, but to arbitrary points
(see Remark 4.5). Note that one cannot hope for bounds expressed in simple for-
mulas that are at the same time sharp: The case of abelian surfaces [4, Section 6]
shows that, even in the case of Picard number one, the actual values of ε(L, x) are
not given by simple algebraic expressions.
Beyond abelian and bielliptic surfaces, our method of proof for Theorem 1 works
more generally on surfaces satisfying the following property:
(⋆) For any an irreducible curve C ⊂ X, if C2 > 0 and m = multxC, then
C2 > m(m− 1) + 2.
In fact, we obtain Theorem 1 as a consequence of a result in this more general
setting (see Theorem 2.2). For the argument to work, condition (⋆) need not hold
for all irreducible curves, but only for those that are submaximal for some ample
line bundle. It would be interesting to explore further, whether this can be used to
obtain bounds on other kinds of surfaces.
32. A bound on Seshadri constants on smooth surfaces
Our aim in this section is to find the smallest rational values which could be Se-
shadri constants of ample line bundles on smooth projective surfaces satisfying the
property (⋆) that was stated in the introduction. Our main result is Theorem 2.2. In
finding potential rational values of Seshadri constants we were inspired by a result of
Szemberg [14] for smooth projective surfaces with Picard number 1, whose method
of proof however does not extend readily to higher Picard number.
Note first that according to [3, Proposition 2.1], every positive rational number
occurs as the Seshadri constant ε(L, x) for some ample line L bundle on some smooth
surface at some point x. By contrast, we point out that for a fixed line bundle L,
the possibilities are limited:
Proposition 2.1 Let X be a smooth projective surface satisfying property (⋆). Let
L be an ample line bundle on X and x ∈ X. Suppose that ε(L, x) <
√
L2 and that
ε(L, x) is computed by a curve with C2 > 0. Then ε(L, x) is one of the rational
numbers in the following set{
d
m
d2 > L2(2 +m(m− 1)), m > 2
}
.
Proof. Suppose that m = 1. Then by the assumption on ε(L, x) we have LC1 <
√
L2.
Using the Hodge Index Theorem we obtain that C2 6 0, which contradicts the
assumption on C.
Suppose then m > 1. The Seshadri constant ε(L, x) is computed as ε(L, x) = dm
with d = L · C and m = multxC. Furthermore, using the Hodge Index Theorem,
the assumption on C, and property (⋆), we get
d2 = (L · C)2 > L2C2 > L2(2 +m(m− 1)) ,
as claimed. ✷
In the setting of Proposition 2.1 let N := L2, and consider the set
Ω =
{
(d,m) ∈ N2 d2 > N(2 +m(m− 1)), m > 2} .
Similarly to [14], by Proposition 2.1 the issue in the problem of bounding Seshadri
constants becomes to minimize the ratio d/m of elements (d,m) ∈ Ω. For fixed d,
the maximal m such that (d,m) lies in Ω is given by
mmax(d) =
⌊
1
2
+
√
d2
N
− 7
4
⌋
.
And for fixed m, the minimal d such that (d,m) lies in Ω is given by
dmin(m) =
⌈√
N(2 +m(m− 1))
⌉
.
Therefore, if we know that ε(L, x) is computed by a curve of degree d, then
ε(L, x) >
d
mmax(d)
=
d⌊
1
2 +
√
d2
N − 74
⌋
4and if we know that ε(L, x) is computed by a curve of multiplicity m, then
ε(L, x) >
dmin(m)
m
=
⌈√
N(2 +m(m− 1))
⌉
m
.
The latter inequality bounds ε(L, x), but it does so in a rather ineffective way, since
there are infinitely many possible values of the unknown m. Our result shows that
only finitely many of them need to be taken into account:
Theorem 2.2 Let X be a smooth projective surface satisfying property (⋆). Let L
be an ample line bundle on X and x ∈ X. Suppose that ε(L, x) < √N and that
ε(L, x) is computed by a curve with C2 > 0. Then for any N > 2, we have
ε(L, x) > min
{
dmin(m)
m
m ∈ {2, . . . , 7}
}
.
Moreover for N big enough, we have
ε(L, x) >
dmin(4)
4
.
Proof. Consider the two functions f and g defined by
f(N,m) =
⌈√
N(2 +m(m− 1))
⌉
m
and g(N,m) =
√
N(2 +m(m− 1))
m
.
We will prove the first part of the theorem by showing that for a fixed N and for
m > 8
f(N,m) > f(N, 7). (1)
We start with proving a stronger inequality for large N : We decrease the left-hand
side and increase the right-hand side, and we wish to prove that for m > 8
g(N,m) > g(N, 7) +
1
7
.
Computing the derivative of g(N,m) with respect to m we obtain that g(N,m)
is an increasing function of m in the interval (4,∞). So it is enough to prove that
g(N, 8) > g(N, 7) +
1
7
.
It can be easily computed that the inequality
√
58N
8 >
√
44N
7 +
1
7 holds for N > 1072.
Therefore for m > 8 and a fixed N > 1072 we have
f(N,m) > g(N,m) > g(N, 8) > g(N, 7) +
1
7
> f(N, 7) .
For the remaining finitely many cases, i.e., for N ∈ [2, 1070], we check with Maple
software that the original inequality (1) is satisfied. This proves that
ε(L, x) > min
{
f(N,m)
m
m ∈ {2, . . . , 7}
}
.
5Now we will prove that for N big enough, min
{
dmin(m)
m m ∈ {2, . . . , 7}
}
=
dmin(4)
4 . Analogously, it remains to check whether for any m (in fact m ∈ {2, . . . , 7}
is enough) and for N big enough
g(N,m) > g(N, 4) +
1
4
.
Equivalently, we ask if the following inequality holds for large N :√
m(m− 1) + 2
m
−
√
14
4
>
1
4
√
N
. (2)
It can be confirmed by a computation that for any m 6= 4, the left-hand side is a
positive number. This completes the proof. ✷
Remark 2.3 If we consider equation (2) for all m ∈ {2, 3, 5, 6, 7}, we obtain that
min
{
dmin(m)
m
m ∈ {2, . . . , 7}
}
=
dmin(4)
4
for all N > 8776.
Checking the original formula (1) involving the round-up for the remaining finitely
many values of N using Maple software reveals that in fact
dmin(4)
4
= min
{
dmin(m)
m
m ∈ {2, . . . , 7}
}
for all N > 4982 ,
and this is the bound on N stated in Theorem 1.
Remark 2.4 Theorem 2.2 and Remark 2.3 along with Maple computations show
that the minimum of ratios min
{
dmin(m)
m m ∈ {2, . . . , 7}
}
is attained at
• m = 2, 1 time (for N = 4),
• m = 3, 59 times (for certain N 6 1012),
• m = 5, 274 times (for certain N 6 4980),
• m = 6, 9 times (for certain N 6 294),
• m = 7, 1 time (for N = 42).
In all other cases the minimum is attained at m = 4.
Question 2.5 Find a formula in terms of N ∈ [2, 4980] that expresses the value of
m, at which the minimum of the ratios dmin(m)m is attained.
In view of [14] it is not clear whether a simple formula can be expected as an
answer to this question.
3. Application to abelian surfaces and bielliptic surfaces
Our aim is now to derive Theorem 1 from Theorem 2.2. The following bound on
the self-intersection of irreducible curves on abelian surfaces is well-known.
6Proposition 3.1 Let C be a non-elliptic irreducible curve C on an abelian surface
X. Then
C2 > 2 +
∑
i
mi(mi − 1)
where the sum runs over all singularities of C and mi are their respective multipli-
cities.
The proposition follows from the fact that on abelian surfaces there are no ra-
tional curves, and all curves of geometric genus 1 are smooth. Since on abelian
surfaces there are no negative curves and the only curves with self-intersection 0 are
elliptic curves, Theorem 2.2 clearly implies the statement of Theorem 1 for the case
of abelian surfaces:
Corollary 3.2 Let X be an abelian surface and let L be an ample line bundle on
X. Let N := L2. Suppose that ε(L, x) <
√
N and that ε(L, x) is computed by a
non-elliptic curve. Then for any N > 2
ε(L, x) > min
{
dmin(m)
m
m ∈ {2, . . . , 7}
}
.
Moreover for N > 4982
ε(L, x) >
dmin(4)
4
.
Note that in the remaining case, where ε(L, x) is computed by an elliptic curve,
the possible values of ε(L, x) are clear: they are the integers from 1 to
⌊√
L2
⌋
.
In order to apply Theorem 1 to bielliptic surfaces, we will use a version of Propo-
sition 3.1 for reducible curves on abelian surfaces, which we prove now.
Proposition 3.3 Let C be a reduced (but possibly reducible) curve on an abelian
surface. Suppose that C has r components, none of which is an elliptic curve. Then
C2 > 2r +
∑
i
mi(mi − 1).
Proof. We will argue by induction on r. The assertion is true by the previous
proposition when r = 1. So assume that r > 2 and decompose C in any way as a
sum of curves C = A+B. By induction, the assertion is true for A and for B. So,
denoting by s and t the number of irreducible components of A and B, we know
that
A2 > 2s+
∑
i
ai(ai − 1) and B2 > 2t+
∑
i
bi(bi − 1) ,
where ai and bi are the multiplicities of A resp. B at the singularities of C. So
C2 = A2 +B2 + 2A ·B
> 2s+
∑
i
ai(ai − 1) + 2t+
∑
i
bi(bi − 1) + 2
∑
i
aibi ,
where the last term comes from the intersection inequality A·B >∑i aibi. Collecting
terms we get
C2 > 2(s + t) +
∑
i
(ai + bi)(ai + bi − 1)
and using mi = ai + bi as well as r = s+ t this gives the assertion. ✷
7This version allows us to obtain an analogue of Proposition 3.1 for bielliptic
surfaces.
Proposition 3.4 Let C be an irreducible curve C on a bielliptic surface X that is
not an elliptic curve. Then
C2 > 2 +
∑
i
mi(mi − 1) ,
where the sum runs over all singularities of C and mi are their respective multipli-
cities.
Proof. The surface X is the image of an abelian surface Y under an unramified map
f : Y → X (see [8]). Let e = deg f . So every point of multiplicity m on C gives rise
to e points of the same multiplicity m on the pull-back f∗C. None of the components
of f∗C can be an elliptic curve, so we can apply Proposition 3.3 to obtain a bound
on the self-intersection of the pull-back f∗C,
(f∗C)2 > 2s+ e
∑
i
mi(mi − 1) ,
where s is the number of components of f∗C. Thus we get
C2 >
2s
e
+
∑
i
mi(mi − 1) .
So we have established in particular that C2 is at least the sum on the right-hand
side. The crucial point is now that this sum is an even number. As the intersection
form on bielliptic surfaces is even, this implies that C2 must differ from the sum by
at least 2, and this gives the assertion. ✷
Therefore we have shown that Property (⋆) holds on bielliptic surfaces. If on
a bielliptic surface ε(L, x) is computed by a curve C different from a fibre, then
we have C2 > 0 (see Remark 5.4 in the appendix). Hence Theorem 2.2 yields the
following statement for bielliptic surfaces.
Corollary 3.5 Let X be a bielliptic surface and let L be an ample line bundle on
X. Let N := L2. Suppose that ε(L, x) <
√
N and that ε(L, x) is not computed by a
fibre. Then for any N > 2
ε(L, x) > min
{
dmin(m)
m
m ∈ {2, . . . , 7}
}
.
Moreover for N > 4982
ε(L, x) >
dmin(4)
4
.
The remaining case of ε(L, x) computed by a fibre is analogous to the case of
ε(L, x) computed by an elliptic curve on an abelian surface.
84. Comparison with previously known results
For abelian surfaces and bielliptic surfaces several lower bounds on Seshadri con-
stants of a similar flavor are available in the literature. It is therefore interesting to
see how exactly they compare with each other and with the bound given in Theo-
rem 1. We provide such a comparison in this section. Also, we show how Proposi-
tion 3.4 can be used to generalize results of Hanumanthu and Roy (see Remark 4.5)
on bielliptic surfaces.
We start with a result by Syzdek and Szemberg [13], which applies to any smooth
projective surface:
Theorem 4.1 ([13, Corollary 3.3]) Let X be a smooth projective surface and let
L be an ample line bundle on X. Then
ε(L, x) >
√
7
9
√
L2 ,
for very general x ∈ X, or X is fibred by Seshadri curves, or X is a cubic surface
in P3 and L = OX(1).
For abelian surfaces the following bound was shown by the first author and
Szemberg:
Theorem 4.2 ([2, Theorem A.1]) Let X be an abelian surface, L an ample line,
and x ∈ X any point. If the Seshadri constant of L at x is computed by a non-elliptic
curve, then
ε(L, x) >
√
7
8
√
L2 .
A number of results for Seshadri constants on bielliptic surfaces at very general
points were obtained by Hanumanthu and Roy in [10]. We cite two of their results:
Theorem 4.3 ([10, Theorem 3.9]) Let X be a bielliptic surface and let L be an
ample line bundle on X. Suppose that C ≡ (α, β) is an irreducible, reduced curve
with with α 6= 0, β 6= 0, passing through a very general point with multiplicity m > 1.
Then
L · C
m
> (0.93)
√
L2 .
As a corollary to Theorem 4.3, the following result was obtained in [10].
Theorem 4.4 ([10, Theorem 3.11]) Let X be a bielliptic surface and let L be an
ample line bundle on X ∼= (E × F )/G. If for a very general point x ∈ X one has
ε(L, x) < (0.93)
√
L2 then ε(L, x) = min{L ·E,L · F}.
Remark 4.5 We can use Proposition 3.4 to show that Theorem 4.3 not only holds
for very general points on a bielliptic surface, but for any point x where the Seshadri
constant ε(L, x) is not computed by a fibre. Indeed, in the proof in [10] the authors
use the inequality in Property (⋆) for very general points, with reference to the Xu-
type lemma C2 >
(∑r
i=1m
2
i
) −m1 + gon(C˜) (see [7, Lemma 2.2] or [11, Theorem
A]) and the fact that any bielliptic surface X is nonrational, so that for every curve
C ⊂ S one has gon(C˜) > 2. Proposition 3.4 now tells us that the inequality in
Property (⋆) holds for all points, and hence the theorem generalizes in this respect.
9Let us now compare the various bounds with each other and with our bound
from Theorem 2.2. We have
dmin(m)
m
=
⌈√
N(2 +m(m− 1))
⌉
m
>
√
N(2 +m(m− 1))
m
>
√
14N
4
=
√
7
8
N > 0.93
√
N >
√
7
9
√
N.
This shows in particular the bounds given by Corollaries 3.2 and 3.5 improve the
bounds given in [13, Corollary 3.3], [2], and [10, Theorem 3.9]. To convey some
feeling for the actual numbers, we present a table which shows the bounds in some
chosen cases (Table 1). Apart from the small but noticable numerical improvement,
L2 Bound for abelian
surfaces from [2]
Bound for bielliptic
surfaces from [10]
New bound for
surfaces satisfying (⋆)
2 1,3229 1,3152 1,3333
6 2,2913 2,2780 2,3333
8 2,6458 2,6304 2,6667
10 2,9580 2,9409 3
50 6,6144 6,5761 6,6667
100 9,3541 9,3 9,4
5000 66,1439 65,7609 66,25
20000 132,2676 131,5219 132,5
Table 1: Table of bounds for ε(L, x).
one could argue that the most interesting feature of the new bound is the fact that
it is always a rational number d/m that represents a potential Seshadri constant,
while the previous bounds are irrational numbers, which are therefore theoretical by
design.
5. Appendix on bielliptic surfaces
In this section we provide background on bielliptic surfaces. Remark 5.4 was used
in Section 3.
Definition 5.1 A bielliptic surface X (also called hyperelliptic) is a surface with
Kodaira dimension equal to 0 and irregularity q(S) = 1.
The canonical divisor KX on any bielliptic surface is numerically trivial, but
non-zero.
Alternatively (see [6, Definition VI.19]), a surface X is bielliptic if X ∼= (E ×
F )/G, where E and F are elliptic curves, and G is an abelian group acting on E
by translations and acting on F , such that E/G is an elliptic curve and F/G ∼= P1.
Hence we have the following situation
S ∼= (E × F )/G
E/G F/G ∼= P1
Φ Ψ
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where Φ and Ψ are the natural projections.
There are seven non-isomorphic groups that can act on E×F . Two of them act
on any E ×F , the other five require F to be an elliptic curve of a specific form (see
Table 2).
Following C. Bennett and R. Miranda [8], let us fix the notation. Let E =
C/(Zτ1 + Z) and F = C/(Zτ2 + Z), where τ1, τ2 ∈ C. Let ζ be the sixth root of
unity, i.e., ζ = epii/3.
Proposition 5.2 ([8, Table 1], see also [6, VI.20]) The seven types of biellip-
tic surfaces are described in Table 2.
Type τ2 G Action of the generators of G on E × F
1 arbitrary Z2 = 〈ϕ〉 ϕ
(e
f
)
=
(e+1/2
−f
)
2 arbitrary Z2 × Z2 = 〈ϕ,ψ〉 ϕ
(e
f
)
=
(e+1/2
−f
)
, ψ
(e
f
)
=
(e+τ1/2
f+1/2
)
3 i Z4 = 〈ϕ〉 ϕ
(e
f
)
=
(e+1/4
if
)
4 i Z4 × Z2 = 〈ϕ,ψ〉 ϕ
(e
f
)
=
(e+1/4
if
)
, ψ
(e
f
)
=
( e+τ1/2
f+(1+i)/2
)
5 ζ Z3 = 〈ϕ〉 ϕ
(
e
f
)
=
(e+1/3
ζ2f
)
6 ζ Z3 × Z3 = 〈ϕ,ψ〉 ϕ
(e
f
)
=
(e+1/3
ζ2f
)
, ψ
(e
f
)
=
( e+τ1/3
f+(1+ζ)/3
)
7 ζ Z6 = 〈ϕ〉 ϕ
(e
f
)
=
(e+1/6
ζf
)
Table 2: Action of the generators of G on E × F .
Theorem 5.3 ([12, Theorem 1.4]) For each of the seven types of bielliptic sur-
faces, a basis of the group Num(X) of classes of numerically equivalent divisors and
the multiplicities of the singular fibers in each case are described in Table 3.
Type of a bielliptic surface G m1, . . . ,ms Basis of Num(X)
1 Z2 2, 2, 2, 2 E/2, F
2 Z2 × Z2 2, 2, 2, 2 E/2, F/2
3 Z4 2, 4, 4 E/4, F
4 Z4 × Z2 2, 4, 4 E/4, F/2
5 Z3 3, 3, 3 E/3, F
6 Z3 × Z3 3, 3, 3 E/3, F/3
7 Z6 2, 3, 6 E/6, F
Table 3: Multiplicities of the singular fibers and a basis of Num(X).
Let µ = lcm{m1, . . . ,ms} and let γ = |G|. Note that a basis of Num(X) consists
of divisors E/µ and (µ/γ)F . We say that on a bielliptic surface L is a line bundle
of type (a, b), with respect to the numerical equivalence, or L ≡ (a, b) for short, if
L ≡ a · E/µ + b · (µ/γ)F . A divisor of type (0, b) with b ∈ Z is effective if and only
if b · (µ/γ) ∈ N, see [1, Proposition 5.2].
Remark 5.4 As a result of the previous discussion, we have the following properties
of line bundles on X.
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• We have E2 = 0, F 2 = 0, E · F = γ, hence if L1 ≡ (a1, b1), L2 ≡ (a2, b2) then
L1 · L2 = a1b2 + a2b1.
• If C ≡ (α, β) is an irreducible curve with C2 = 0, then α = 0 or β = 0, and
hence C is a fibre (or a multiple of a fibre).
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